Introduction
Suppose that the behaviour of a system is well described by a continuous-time Markov chain (X(t), t-0) on a state space of the form S U {a }, where a is an absorbing state and S an irreducible transient class. Suppose also that an asymptotic analysis of the process has revealed the certainty of eventual absorption at a, but that explicit evaluation of the distribution of X(t) for all t 0 is unwieldy or even
Preliminaries
As a point of departure we consider a birth-death process (X(t), t ?0) on a semi-infinite lattice of integers, which, for notational convenience, is chosen to be the set {-1, 0, 1, ---}. The birth rate A, and death rate Y, in state n, n = 0, 1, 1 ., are positive, but A-1, the birth rate in state -1, equals zero, so that -1 is an absorbing state.
We assume throughout that eventual absorption at -1 is certain, which is equivalent to assuming We shall have use for some properties of the zeros of the polynomials Q.(x), see van Doorn (1985) . For all positive n the polynomial Q,(x) has n positive, distinct zeros x,1 < x,2 < ... < x,n. These quantities satisfy (2.11) x,+1,i < x,ni < x,+1,i+, i = 1, 2, ... , n; n = 1, 2, . 
Quasi-stationary distributions
We consider a birth-death process (X(t), t ?0)) with birth rates A, > 0 and death rates sn >0, n =0, 1, , satisfying the condition (2.1). Hence, the process is non-explosive and eventual absorption at -1 is certain. Also, the transition Remark. An alternative proof of the first part of the theorem may be based on (3.5) and the result alluded to in the remark concluding Section 2.
Our definition of a quasi-stationary distribution is more restricted (but we think more natural) than that in Cavender (1978) , who defines a quasi-stationary distribution to be any non-negative solution of (3. The hitch in Vere-Jones' proof is the unjustified assumption of associativity of (infinite) matrix multiplication at the point where he attempts to show that (in our context) x = 0oq0, when {qj} satisfies (3.6). Note that we have imposed x = o0q0 by working with (3.2) rather than (3.6). Thus our earlier conclusion that a proper distribution {qj} satisfies (3.3) if it solves (3.2) is confirmed by an appropriately corrected, weaker version of Vere-Jones' theorem.
Remaining in the context of a process for which the series (2.23) converges, we note that for any x, 0 < x < ?1, the functions pj(t) -c(x)qj(x) exp (-xt), j = 0, 1,...
p_l(t) c(x)(l -exp (-xt)), with c(x) as above, do satisfy the forward equations (2.7), with initial conditions pj(O) = c(x)qj(x), j= 0, 1, --and p_(O) = 0, so that E pj(O)= 1. But since 0E=-lp(t)= 1 + (c(x) -1)(1 -exp (-xt)) > 1 for t > 0, this solution is apparently not the minimal solution. Of course, we knew that the forward equations do not have a unique solution in this case, see for example Kemperman (1962).
Returning to our main theme, we observe from the following theorem which is slightly sharper than Corollary 3 (i) in Cavender (1978) 
Quasi-limiting distributions
In this section we wish to study the behaviour of (4.1) q; (t)-pt( l(t)), j = 0, 1, --, as t goes to infinity, where py(t) E; ripij(t) and {ri}i70 is some initial distribution, maintaining the assumption (2.1), that is, absorption at -1 is certain. We know from Theorem 2 of Vere-Jones (1969) that if {qi(t)} converges to a proper distribution then this quasi-limiting distribution must be a quasi-stationary distribution. However, it is not at all clear which conditions on the initial distribution will ensure convergence of {qi(t)}. And even if {qi(t)} is known to converge to a proper distribution, it is, in general, not clear which quasi-stationary distribution is the quasi-limiting distribution. However, these problems can be solved if the initial distribution concentrates all mass at a single state, and therefore we first consider, instead of (4.1), = of x-'Qi(x) dp(x) -yof exp (-xt)x-'Qi(x) dp(x). to be positive seems difficult to give. However, some necessary and some sufficient conditions, which settle the question for most processes encountered in practice, are given in van Doorn (1985) . In particular, a complete solution is given there for processes having birth rates A,, and death rates ,n, which are asymptotically rational functions of n.
The explicit evaluation of ?1 is a more difficult problem, unless the measure Vp (or at least its support) is known explicitly (see the examples in the last section). 
